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We consider a model that suggests a mechanism by which the four dimensional Brans–Dicke gravity 
theory may emerge from the topological gravity action.
To achieve this goal, both the Lie algebra and the symmetric invariant tensor that deﬁne the topological 
gravity Lagrangian are constructed by means of the Lie algebra S-expansion procedure with an 
appropriate abelian semigroup S .
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
It has been known for a long time that in General Relativity the 
spacetime is a dynamical object which has independent degrees 
of freedom, and is governed by dynamical equations, namely the 
Einstein ﬁeld equations. This means that in General Relativity the 
geometry is dynamically determined. Therefore, the construction of 
a gauge theory of gravity requires an action that does not consider 
a ﬁxed space-time background. An action for gravity fulﬁlling these 
conditions was proposed long ago by Chamseddine [1,2].
A.H. Chamseddine [1,2] constructed actions for topological grav-
ity in all dimensions. In these references it was shown that 
the odd-dimensional theories are based on Chern–Simons forms 
with the gauge groups taken to be ISO(2n, 1) or SO(2n + 1, 1) or 
SO(2n, 2) depending on the sign of the cosmological constant. The 
use of the Chern–Simons form was essential so as to have a gauge 
invariant action without constraints.
The even-dimensional theories use, in addition to the gauge 
ﬁelds, a scalar multiplet in the fundamental representation of the 
gauge group. For even-dimensional spaces there is no natural geo-
metric candidate such as the Chern–Simons form. The wedge prod-
uct of n of the ﬁeld strengths can made the required 2n-form in 
a 2n-dimensional space-time. To form a group invariant 2n-form, 
the n-product of the ﬁeld strength is not enough, but will require 
in addition the introduction of a scalar ﬁeld φa in the fundamental 
representation.
If topological gravity theories are to provide the appropri-
ate gauge-theory framework for the gravitational interaction, then 
these theories must satisfy the correspondence principle, namely 
they must be related to General Relativity or to Brans–Dicke the-
ory.
* Corresponding author.http://dx.doi.org/10.1016/j.physletb.2014.05.080
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.It is the purpose of this paper to show that Brans–Dicke the-
ory emerges as the  → 0 limit of a topological gravity theory 
invariant under the so called AdS-Lorentz algebra (AdSL4) [3,4]
(see also [5]). Here  is a length scale—a coupling constant that 
characterizes different regimes within the theory. The AdS-Lorentz 
algebra, on the other hand, is constructed from the AdS algebra and 
a particular semigroup S by means of the S-expansion procedure 
introduced in Refs. [6,9]. The ﬁeld content induced by AdS-Lorentz 
includes the vielbein ea , the spin connection ωab and the extra 
bosonic ﬁelds kab , φab , hab , φa .
This paper is organized as follows: In Section 2 we brieﬂy re-
view some aspects of (i) topological gravity, (ii) the S-expansion 
procedure and (iii) the Brans–Dicke gravity theory. An explicit 
action for four-dimensional gravity is considered in Section 3
where the Lie algebra S-expansion procedure is used to obtain an
AdSL4-invariant topological gravity action. The weak coupling con-
stant limit of this action is then shown to yield the Brans–Dicke
action. The work concludes with a comment and with Appen-
dices A and B, where the case of a topological gravity invariant 
under the B5 algebra [10] is considered.
2. Topological gravity, S-expansion method and Brans–Dicke 
gravity theory
In this section we shall review some aspects of (i) topological 
gravity, (ii) the S-expansion procedure and (iii) the Brans–Dicke 
gravity theory.
2.1. Topological gravity
In Refs. [1,2] Chamseddine constructed actions for topological 
gravity in all dimensions. For odd dimensions, the action is given 
by under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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∫
M2n+1
L2n+1 (1)
where
L2n+1 =
n∑
l=0
αlεa1a2····a2n+1 Ra1a2 · · · Ra2l−1a2l ea2l+1 · · · ea2n+1 (2)
is a Chern–Simons form, and Rab = dωab + ωacωcb with a = 0, 1, 2
· · · · 2n.
The even-dimensional theories use, in addition to the gauge 
ﬁelds, a scalar multiplet in the fundamental representation of the 
gauge groups. The 2n-dimensional action is given by [1,2]
S(2n)TG = k
∫
M2n
εa1a2····a2n+1φa2n+1 Ra1a2 · · · Ra2n−1a2n , (3)
where Rab = dωab + ωacωcb with a = 0, 1, 2 · · · · 2n, and M2n =
∂M2n+1. This action was obtained from a Chern–Simons action us-
ing a dimensional reduction method (for detail see Appendix B).
2.2. S-expansion procedure
In this subsection we shall review the main aspects of the 
S-expansion procedure and their properties introduced in Ref. [6]
(see also [7,8]).
Let S = {λα} be an abelian semigroup with 2-selector Kαβγ de-
ﬁned by
Kαβ
γ =
{
1 when λαλβ = λγ
0 otherwise,
(4)
and g a Lie (super)algebra with basis {TA} and structure constant 
CABC ,
[TA,TB ] = CABCTC . (5)
Then it may be shown that the product G = S × g is also a Lie 
algebra with structure constants C(A,α)(B,β)(C,γ ) = Kαβγ CABC ,
[T(A,α),T(B,β)] = C(A,α)(B,β)(C,γ )T(C,γ ). (6)
The proof is direct and may be found in Ref. [6].
Deﬁnition 1. Let S be an abelian semigroup and g a Lie algebra. 
The Lie algebra G deﬁned by G = S × g is called S-expanded alge-
bra of g.
When the semigroup has a zero element 0S ∈ S , it plays a 
somewhat peculiar role in the S-expanded algebra. The above con-
siderations motivate the following deﬁnition:
Deﬁnition 2. Let S be an abelian semigroup with a zero element 
0S ∈ S , and let G = S × g be an S-expanded algebra. The algebra 
obtained by imposing the condition 0STA = 0 on G (or a subalge-
bra of it) is called 0S -reduced algebra of G (or of the subalgebra).
An S-expanded algebra has a fairly simple structure. Interest-
ingly, there are at least two ways of extracting smaller algebras 
from S × g. The ﬁrst one gives rise to a resonant subalgebra, while 
the second produces reduced algebras. In particular, a resonant 
subalgebra can be obtained as follows:
Let g = ⊕p∈I V p be a decomposition of g in subspaces V p , 
where I is a set of indices. For each p, q ∈ I it is always possi-
ble to deﬁne i(p,q) ⊂ I such that
[V p, Vq] ⊂
⊕
r∈i
Vr . (7)
(p,q)Now, let S = ⋃p∈I S p be a subset decomposition of the abelian 
semigroup S such that
Sp · Sq ⊂
⋃
r∈i(p,q)
Sp . (8)
When such subset decomposition S =⋃p∈I S p exists, then we say 
that this decomposition is in resonance with the subspace decom-
position of g , g =⊕p∈I V p .
The resonant subset decomposition is crucial in order to sys-
tematically extract subalgebras from the S-expanded algebra G =
S × g , as is proven in the following theorem
Theorem IV.2. (See Ref. [6].) Let g =⊕p∈I V p be a subspace decompo-
sition of g, with a structure described by Eq. (7), and let S =⋃p∈I S p
be a resonant subset decomposition of the abelian semigroup S, with the 
structure given in Eq. (8). Deﬁne the subspaces of G=S × g,
W p = Sp × V p, p ∈ I. (9)
Then,
GR =
⊕
p∈I
W p (10)
is a subalgebra of G = S × g.
Proof. The proof may be found in Ref. [6]. 
Deﬁnition 3. The algebra GR =⊕p∈I W p is called a Resonant Sub-
algebra of the S-expanded algebra G = S × g .
A useful property of the S-expansion procedure is that it pro-
vides us with an invariant tensor for the S-expanded algebra 
G = S×g in terms of an invariant tensor for g. As shown in Ref. [6]
Theorem VII.2 provides a general expression for an invariant tensor 
for a 0S -reduced algebra.
Theorem VII.2. (See Ref. [6].) Let S be an abelian semigroup with 
nonzero elements λi , i = 0, · · · , N and λN+1 = 0S . Let g be a Lie al-
gebra of basis {TA}, and let 〈TAn · · ·TAn 〉 be an invariant tensor for g. The 
expression
〈T(A1,i1) · · ·T(An,in)〉 = α j Kia···in j〈TA1 · · ·TAn 〉 (11)
where α j are arbitrary constants, corresponds to an invariant tensor for 
the 0S -reduced algebra obtained from G = S × g.
Proof. The proof may be found in Section 4.5 of Ref. [6]. 
2.3. Brans–Dicke gravity theory
The starting point for Brans and Dicke is the idea of Mach, that 
the phenomenon of inertia ought to arise from accelerations with 
respect to the general mass distribution of the universe. Thus the 
inertial masses of the various elementary particles ought not to be 
fundamental constants, but should rather represent the particles 
interaction with some cosmic ﬁeld. But the absolute scale of the 
elementary particle masses can be measured only the measuring 
gravitational accelerations Gm/r2, so an equivalent conclusion is 
that the gravitational constant G ought to be related to the average 
value of a scalar ﬁeld φ, which is coupled to the mass density of 
the universe [11].
The simplest generally covariant ﬁeld equation for such a scalar 
ﬁeld would be
2φ = 4π Tμ (12)Mμ
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constant, and TμνM is the energy–momentum tensor of the mat-
ter of the universe. We can make a rough estimate of the average 
value of φ by computing the central potential of a gas sphere with 
the cosmic mass density ρ ∼ 10−29 g/cm3 and radius equal to the 
apparent radius of the universe R ∼ 1028 cm. This gives an average 
value [11]
〈φ〉 ∼ λρR2 ∼ λ1027 g cm−1 (13)
Note that 1027 g cm−1 is reasonably close to the constant 1/G =
1.35 × 1028 g cm−1; hence we normalize φ so that
〈φ〉 	 1
G
(14)
and (13) then shows that λ is a dimensionless number of order 
unity. These considerations led Brans and Dicke to suggest that the 
correct ﬁeld equations for gravitation are obtained by replacing G
with 1/φ and including an energy–momentum tensor Tμνφ for the 
φ-ﬁeld in the source of the gravitational ﬁeld.
In the ﬁrst order formalism, the Brans–Dicke action is given 
by [12],
SBD =
∫
M4
εabcdφR
abeced (15)
Setting, for notational simplicity φ = e−2ϕ we have
SBD =
∫
M4
εabcde
−2ϕRabeced (16)
Let us vary ed and ϕ , we ﬁnd respectively
2εabcde
−2ϕRabec = 0 (17)
−2εabcde−2ϕRabeced = 0 (18)
The variation with respect to ωab leads to
εabcdT
ced = εabcddφeced (19)
where the new feature is the appearance of a nonzero torsion. 
From (19) it follows that
T a = dϕea (20)
Hence the spin connection ωab is non-Riemannian.
Let us set
ωab = ω˚ab + γ ab (21)
where ω˚ab is the Riemannian part of ωab , that is it satisﬁes 
T a(ω˚ab) = 0. In this case (20) becomes
γ abc = δac ∂bϕ − δbc ∂aϕ (22)
or as a 1-form
γ ab = 2e[a∂b]ϕ (23)
Substituting into (17) and (18) we ﬁnd [12]
R˚ab −
1
2
δab R˚ + Ωab −
1
2
δabΩ = 0 (24)
where R˚ab = Rab(ω˚) is the curvature 2-form in terms of the Rieman-
nian connection ω˚ and whereΩab = −D˚b∂aϕ −
1
2
δab D˚c∂
cϕ + δab∂cϕ∂cϕ − ∂aϕ∂bϕ
Ω = −3(D˚m∂mϕ − ∂mϕ∂mϕ) (25)
Substituting (25) in (24) we ﬁnd the Einstein equation for the 
Brans–Dicke theory in the second order formalism:
R˚ab −
1
2
δab R˚ = D˚b∂aϕ − δab D˚m∂mϕ
+ 3
(
∂aϕ∂bϕ − 12δ
a
b∂
mϕ∂mϕ
)
(26)
If one converts (26) to the world-tensor formalism, one ﬁnds 
the alternative form appearing in standard literature [12].
3. Brans–Dicke action from topological gravity
In this section we show how to recover the Brans–Dicke gravity 
action from topological gravity.
The action for four-dimensional topological gravity can be writ-
ten as [1,2,13] (see also Appendix B)
S(4)TG =
∫
M4=∂M5
〈φF F 〉 (27)
where φ is a scalar ﬁeld in the fundamental representation of the 
gauge group SO(4, 2) or SO(5, 1) (anti-de Sitter or de Sitter) and 
F = dA + AA. Connection with gravity is made through the identi-
ﬁcation
Aab = ωab; Aa5 = ea, a = 0,1,2,3,4 (28)
The Lagrangian (27) is invariant under the AdS algebra. This al-
gebra is crucial, since it permits the interpretation of the gauge 
ﬁelds ea and ωab as the ﬁve dimensional vielbein and the ﬁve di-
mensional spin connection in ﬁve dimensions, respectively. It is, 
however, not the only possible choice. As was explicitly shown in 
Ref. [10], there exist other Lie algebras that also allow for a similar 
identiﬁcation.
Following the deﬁnitions of Ref. [6] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(2)M = {λ0, λ1, λ2}
endowed with the multiplication rule λαλβ = λα+β if α + β ≤ 2; 
λαλβ = λα+β−2 if α + β > 2. After extracting a resonant subal-
gebra, one ﬁnds the AdSL4-algebra [14], which coincides with 
the so(D − 1, 1) ⊕ so(D − 1, 2) algebra of Ref. [3,4], whose 
D-dimensional generators satisfy the following commutation re-
lations
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac
[ Jab, Pc] = ηbc Pa − ηac Pb; [Pa, Pb] = Zab
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac
[Zab, Pc] = ηbc Pa − ηac Pb
[Zab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac (29)
where a, b, c, d = 0, 1, · · · , D − 1.
This algebra was also re-obtained in Ref. [15] from Maxwell al-
gebra through a procedure known as deformation of algebras.
Using Theorem VII.2 of Ref. [6], it is possible to show that 
the only non-vanishing components of an invariant tensor for the 
5-dimensional AdSL4 algebra (so(4, 2) ⊕ so(4, 1)) are given by
〈 Jab Jcd Pe〉 = 43α1l
3εabcde
〈Zab Zcd Pe〉 = 43α1l
3εabcde
〈 Jab Zcd Pe〉 = 4α1l3εabcde (30)3
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and a, b, c, d, e = 0, 1, 2, 3, 4. It is interesting to note that the 
4-dimensional AdSL4 algebra is given by so(3, 2) ⊕ so(3, 1).
In order to write down a topological gravity Lagrangian for the 
ﬁve dimensional AdSL4 algebra, we start from the AdSL4-valued 
one-form gauge connection
A = 1
l
ea Pa + 1
2
ωab Jab + 12k
ab Zab, a,b = 0,1,2,3,4. (31)
The associated two-form curvature is then given by
F = 1
2
Rab Jab + 1l
(
T a + kabeb
)
Pa
+ 1
2
(
Dωk
ab + kackcb + 1
l2
eaeb
)
Zab, (32)
and the 0-form scalar ﬁeld is
φ = 1
2
φef Jef + 1l φ
e Pe + 1
2
hef Zef (33)
Consistency with the dual procedure of S-expansion in terms of 
the Maurer–Cartan forms [9] demands that φe inherits units of 
length from the vielbein; that is why it is necessary to introduce 
the l parameter again, this time associated with φe .
It is interesting to observe that Jab are still Lorentz generators, 
but Pa are no longer AdS boosts; in fact, [Pa, Pb] = Zab . However, 
ea still transforms as a vector under Lorentz transformations, as it 
must be in order to recover gravity in this scheme.
Using the dual procedure of S-expansion in terms of the 
Maurer–Cartan forms [9], we ﬁnd that the topological gravity ac-
tion invariant under the AdSL4 algebra is given by
S(AdSL4)BD−(4) =
∫
M4
α1l2
3
εabcde
{
φe
[
RabRcd
+ 2Rab
(
Dωk
cd + kc f k f d + 1l2 e
ced
)
+
(
Dωk
ab + ka f k f b + 1
l2
eaeb
)
×
(
Dωk
cd + kc f k f d + 1l2 e
ced
)]
+ 2hab
[(
Dωk
cd + kc f k f d + 1
l2
eced
)(
T e + ke f e f
)
+ Rcd(T e + ke f e f )
]
+ 2φab
[(
Dωk
cd + kc f k f d + 1l2 e
ced
)(
T e + ke f e f
)
+ Rcd(T e + ke f e f )
]}
(34)
which can be rewritten in the following way
S(AdSL4)BD−(4) =
∫
M4
α1l2
3
εabcdeφ
e RabRcd + 2α1l
2
3
εabcdeφ
e RabDωk
cd
+ 2α1
3
εabcde
{
φe Rabeced + 1
2l2
φeeaebeced
+ φe(Dωkab)eced + φe(k2)abeced
}
+ 2α1l
2
εabcde
{
φe Rab
(
k2
)cd + φe(Dωkab)(k2)cd3+ 1
2
φe
(
k2
)ab(
k2
)cd + 1
2
φe
(
Dωk
ab)(Dωkcd)
}
+ α1l
2
3
εabcde
{
2hab
[(
Dωk
cd + (k2)cd + 1
l2
eced
)
× (T e + ke f e f )+ Rcd(T e + ke f e f )
]
+ 2φab
[(
Dωk
cd + (k2)cd + 1
l2
eced
)(
T e + ke f e f
)
+ Rcd(T e + ke f e f )
]}
(35)
where (k2)ab = ka f k f b .
The action (35) was obtained from (27) via the S-expansion 
procedure. Therefore ea and ωab in (35) are one-forms pulled 
baked in 4-dimensions. For simplicity we consider Eq. (35) for the 
case kab = 0 and T a = 0:
S(4)AdS L4 =
∫
M4=∂M5
α1εabcde
(
l2
3
RabRcdφe + 2
3
Rabecedφe
+ 1
3l2
eaebecedφe
)
(36)
where Rab = dωab + ωacωcb and a, b, c, d, e : 0, 1, 2, 3, 4. Using the 
decomposition ea = (ei, e4) with i = 0, 1, 2, 3, together with de-
composition (54) (see Appendix B), we ﬁnd
S(4)AdS L4 =
∫
M4=∂M5
α1φεi jkl
(
l2
3
R¯ i j R¯kl + 2
3
R¯ i jekel
+ 1
3l2
eie jekel
)
(37)
where R¯ i j = Rij + 1
l2
eie j . Here ωi jμ and eμ i , with μ = 0, 1, 2, 3 and 
i = 0, 1, 2, 3, can be interpreted as the 4-dimensional spin connec-
tion and the vierbein respectively.
From (37) we can see that for small values of l2 we ﬁnd
S(4)AdS L4 =
2
3
α1
∫
M4=∂M5
εi jkl
(
φRijekel + 3
2l2
φeie jekel
)
(38)
which correspond to the Brans–Dicke action with a cosmological 
term. On the other hand, when φ be a constant, the action (37)
corresponds to the Einstein–Hilbert action with a cosmological 
term.
Concluding remarks
From (35) we can see that if φe were a constant, then (i) the 
ﬁrst and the second terms would be an exact form; (ii) the third 
piece of L(AdSL4)B I−(4) corresponds to, except for numerical factors, the 
Lagrangian (29) of Ref. [16] (see also [17]).
We have shown in this work that the S-expansion procedure 
makes possible to recover the four-dimensional Brans–Dicke grav-
ity theory with a cosmological term from a topological gravity 
theory invariant under the so called AdS-Lorentz algebra.
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Following the deﬁnitions of Ref. [6], let us consider the 
S-expansion of the Lie algebra SO(4, 2) using as semigroup S(3)E . 
After extracting a resonant subalgebra and performing its 0S -re-
duction, one ﬁnds a new Lie algebra, call it B5, with the desired 
properties. In simpler terms, consider the Lie algebra generated by 
{ Jab, Pa, Zab, Za}, where these new generators can be written as 
Jab = λ0 ⊗ J˜ab , Zab = λ2 ⊗ J˜ab , Pa = λ1 ⊗ P˜a , Za = λ3 ⊗ P˜a .
Here J˜ab and P˜a correspond to the original generators of 
SO(4, 2), and the λα belong to a discrete, abelian semigroup. The 
semigroup elements {λ0, λ1, λ2, λ3, λ4} are not real numbers and 
they are dimensionless (see [10]). In this particular case, they obey 
the multiplication law given by
λαλβ =
{
λα+β, when α + β ≤ 4,
λ4, when α + β > 4. (39)
Using Theorem VII.2 of Ref. [6], it is possible to show that the 
only non-vanishing components of an invariant tensor for the B
algebra are given by [6]
〈 Ja1a2 Ja3a4 Pa5〉 = α1
4l3
3
a1···a5 ,
〈 Ja1a2 Ja3a4 Za5〉 = α3
4l3
3
a1···a5 ,
〈 Ja1a2 Za3a4 Pa5〉 = α3
4l3
3
a1···a5 , (40)
where α1 and α3 are arbitrary independent constants of dimen-
sions [length]−3.
In order to write down a Lagrangian for the B algebra, we start 
from the one-form gauge connection
A = 1
2
ωab Jab + 1l e
a Pa + 1
2
kab Zab + 1l h
a Za, (41)
the two-form curvature
F = 1
2
Rab Jab + 1l T
a Pa + 1
2
(
Dωk
ab + 1
l2
eaeb
)
Zab
+ 1
l
(
Dωh
a + kabeb
)
Za. (42)
and the 0-form scalar ﬁeld
φ = 1
2
φef Jef + 1l φ
e Pe + 1
2
φ¯ef Zef + 1l φ¯
e Ze (43)
Consistency with the dual procedure of S-expansion in terms of 
the Maurer–Cartan forms [9] demands that ha , φe and φ¯e inherit
units of length from the vielbein; that is why it is necessary to 
introduce the l parameter again, this time associated with ha , φe
and φ¯e .
It is interesting to observe that J ab are still Lorentz generators, 
but Pa are no longer AdS boosts; in fact, [Pa, Pb] = Zab . However, 
ea still transforms as a vector under Lorentz transformations, as it 
must be in order to recover gravity in this scheme.
A direct calculation shows that it is possible to write down a 
Lagrangian for topological gravity in four dimensions for the B5
algebra as
L(4)TG =
α1l2
3
εabcde
[
2φabRcdT e + RabRcdφe]
+ α3l
2
2
εabcde
[
φabRcd
(
Dωh
e + ke geg
)+ 1
2
RabRcdφ¯e
+ φabDωkcdT e + φe RabDωkcd + φ¯abRcdT e
]
+ α3εabcde
[
φe Rabeced + φabecedT e] (44)Here it is necessary to notice an important point: The La-
grangian is split into two independent pieces, one proportional 
to α1 and the other to α3.
Following the same procedure used in the last section we ﬁnd 
that the piece proportional to α3 contains the Brans–Dicke term 
εi jklφRijekel plus non-linear couplings between the curvature and 
the bosonic “matter” ﬁelds kij , φi j , φ¯i j , φ¯i and hi , where the pa-
rameter l can be interpreted as a kind of coupling constant.
Appendix B. Topological gravity as a gauged 
Wess–Zumino–Witten term
Chern–Simons gravity theories have been extended by using 
transgression forms instead of Chern–Simons forms as actions 
[18–25]. Chern–Simons and transgression gravity theories are valid 
only in odd-dimensions and in order to have a well deﬁned even-
dimensional theory it would be necessary some kind of dimen-
sional reduction or compactiﬁcation.
In Ref. [26], subsequently Ref. [27–29] and most recently 
Ref. [30] it was pointed out that Chern–Simons theories are con-
nected with some even-dimensional structures known as gauged 
Wess–Zumino–Witten (gWZW) terms.
The connection between this even-dimensional structure and 
the Chern–Simons gravity theories suggest that this mechanism 
could be regarded as an alternative to compactiﬁcation or dimen-
sional reduction.
From Ref. [31] we can see that
Q 2n+1
(
AZ , A
)= Q 2n+1(AZ , F Z )− Q 2n+1(A, F )
− dB2n
(
AZ , A
)
(45)
where the connections AZ and A are related by a gauge trans-
formation given by AZ = z−1(d + A)z with z = e−φa Pa and AZ =
1
2W
ab Jab + V a Pa = V + W .
The term Q 2n+1(A, F ) corresponding to the Lagrangian for 
(2n + 1)-dimensional Chern–Simons gravity for the one-form con-
nection A, is given by (see for example Appendix of Ref. [13])
Q 2n+1(A, F ) = εa1a2···a2n+1 Ra1a2 · · · Ra2n−1a2nea2n+1
− n(n + 1)d
{ 1∫
0
dttn
〈
Rt
n−1ωe
〉}
(46)
where Rt = dω + tω2.
If Az and A are given by A = ea Pa + 12ωab Jab = e +ω and AZ =
V a Pa + 12Wab Jab = V +W , where V a = ea +Dωφa and Wab = ωab , 
then Q 2n+1(AZ , F Z ) is given by (see for example Ref. [13])
Q 2n+1
(
AZ , F Z
)= εa1a2···a2n+1 Ra1a2 · · · Ra2n−1a2nea2n+1
+ εa1a2···a2n+1 Ra1a2 · · · Ra2n−1a2n Dφa2n+1
− n(n + 1)d
{ 1∫
0
dttn
〈
Rt
n−1ωe
〉}
− n(n + 1)d
{ 1∫
0
dttn
〈
Rt
n−1ωDφ
〉}
(47)
On the other hand B2n(A, AZ ) is given by [13]
B2n
(
AZ , A
)= −n(n + 1)
1∫
dttn
〈
Rt
n−1ωDφ
〉
(48)0
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Q 2n+1
(
AZ , A
)= εa1....a2n+1 Ra1a2 ...Ra2n−1a2n Dφa2n+1 (49)
using the Bianchi identity DRab = 0 we can write
Q 2n+1
(
AZ , A
)= d[εa1....a2n+1 Ra1a2 ...Ra2n−1a2nφa2n+1] (50)
which proves that the action for topological gravity in 2n-dimen-
sions, found in Refs. [1,2], is a gWZW term given by
S(2n)gWZW
(
AZ , A
)= k ∫
M2n+1
Q 2n+1
(
AZ , A
)
= k
∫
M2n=∂M2n+1
εa1....a2n+1 R
a1a2 ...Ra2n−1a2nφa2n+1 .
(51)
This means that the action for topological gravity in 2n-dimensions, 
introduced in Ref. [1], is a gauged Wess–Zumino–Witten term. This 
means that the 2n-dimensional topological gravity is described by 
the dynamics of the boundary of a (2n + 1) Chern–Simons gravity.
In the particular case n = 2 we have
S(4)gWZW
(
AZ , A
)= k ∫
M5
Q 2n+1
(
AZ , A
)
= k
∫
M4=∂M5
εabcde R
abRcdφe (52)
where Rab is a 2-form pulled backed in four-dimensions. This 
means that Eq. (52) can be written as
S(4) = k
∫
M4=∂M5
εμνρσ εabcde R
ab
μν R
cd
ρσ φ
e (53)
where μ, ν, ρ, σ : 0, 1, 2, 3 and a, b, c, d, e : 0, 1, 2, 3, 4.
Using the decomposition
ωabμ =
(
ω
i j
μ,ω
i4
μ = λeμ i
)
, i, j = 0,1,2,3
φa = (φi, φ4 ≡ φ) (54)
and rotating the basis in such a way that in each point of space 
the ﬁeld φa has components φ4 ≡ φ, φi = 0, we have
R¯ i j = Rij + λ2eie j (55)
with Rij = dωi j + ωikωkj . This means that the action (52) can be 
written asS(4) = k
∫
M4
φεi jkl R¯
i j R¯kl. (56)
Now ωi jμ with μ = 0, 1, 2, 3 and i = 0, 1, 2, 3, can be interpreted as 
the four dimensional spin connection and eμ i can be interpreted as 
the vierbein. This means that the decomposition (54) is consistent 
with the remaining so(3, 2) or so(4, 1) invariance.
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